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Abstract 

We characterize the principal eigenvalue of the generator of the asymmetric zero- 
range process on Z rf in dimensions d > 3, with Dirichlet boundary on special domains. 
We obtain a Donsker-Varadhan variational representation for the principal eigenvalue, 
and show that the corresponding eigenfunction is unique in a natural class of functions. 
This allows us to obtain asymptotic hitting time estimates. 
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1 Introduction 

We are concerned in this work with obtaining hitting time estimates for the asymmetric 
zero-range process (AZRP). For this purpose, we consider the problem of characterizing the 
principal eigenvalue and principal eigenfunctions of the generator of AZRP, denoted by C, 
with Dirichlet boundary on special domains. Though C is neither compact, irreducible, nor 
self-adjoint, its physical origin endows crucial monotonicity properties. 

The AZRP models the conservative evolution of charged particles interacting over short 
range, in an electrical field. Thus, this process denoted by {r] t ,t > 0}, lives on {77 : r)(i) G 
N,i 6 Z d }, and evolves informally as follows. At time zero and at each site i G Z d , we 
draw a number of particles rj(i) G N. To each particle we attach the trajectory of an 
asymmetric random walk with transition kernel {p{i, G Now, each site i G Z d 

has an independent exponential process, its clock, of intensity g(i] t (i)) at time t, where 
g : N — > [0, 00) is increasing. When the clock of site % rings, say at time t, we choose 
a particle uniformely among the t] t (i) ones and we move it to its next position along its 
attached trajectory. The conservation of the particles number imposes a one-parameter 
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family of ergodic time-invariant measures {u p , p > 0}, which happens to consist of product 
measures P~J EJ]. The name zero-range is justified since only particles at the same site can 
interact with each other. Note also that g(k) = k corresponds to independent random walks 
with clocks' intensity 1. 

A question motivated by physics is the time of occurrence of spots with large densities 
of particles, say r, when the gas is initially prepared with a homogeneous density. Thus, we 
consider a stationary process with respect to u p , and focus on occurrence time of patterns 
of the type 

A := {q ■ ^2vd) > L )i ( and t := M{t : 7] t e A}) (1.1) 
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where the support of A, S, is a finite subset of Z , and L a given integer. 

The key feature of our model is that the partial order -77 -< £ meaning 77 (i) < ((i) for all 
i G Z d - is preserved under the evolution. Another important feature is that the invariant 
measures {v p) p > 0} all satisfy FKG's inequality, i.e. for / and g increasing functions 



fgdvp > J fdv p J gdv p . (1.2) 

This was the setting of |5j whose relevant results we now recall. A simple subadditive 
argument yielded the asymptotic rough estimate 

\{p) = -\mx-\og{P Vp {r>t)). (1.3) 

When the drift is nonzero, X(p) is positive in any dimensions. Furthermore, if we denote 
by C* the dual of £ in L 2 (u p ), which corresponds to an AZRP with reversed drift, then 
when dimension d > 3, there exist u,u* G L p (v p ) for any p > 1 in the domain of C and C* 
respectively, with 

(i) l A cC(u) + \{p)u = 0, and (ii) l A c£*(u*) + \{p)u* = 0, (1.4) 

However, and this was most unfortunate from a physical point of view, a link with finite 
dimensional dynamics was missing, as well as a variational representation for \(p). This is 
what we establish in this paper. Moreover, we establish uniqueness for u in some class of 
functions, which in turn yields an asymptotic estimate for the hitting time. 

We have chosen to introduce some symbols intuitively so as to be able to state our main 
results postponing definitions and notations as much as possible to Sectional 

A way of defining the AZRP with initial law v p on Z d is through a limit of irreducible 
processes, where particles evolve on [— n,n] d as a zero-range process with creation and an- 
nihilation at the boundary. Informally, if T n is the cx-field generated by {r)(i),i G [— n,n] d }, 
then we define 

£» n {ip) = E Vp [£{tp)\F n \. 

The generator L p n will be shown to inherit the same property of monotonicity as £ and to 
have u p as invariant measure. Thus, its principal Dirichlet eigenvalue X n (p) is obtained as 
in (jl.3|) . We show in Section EP1 that L p n has a unique normalized eigenfunction u n > 0, 
associated with X n (p). Then, our main observation in Section is the following. 
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Lemma 1.1 For X(p) given by M.3\) . and X n (p) corresponding to L p n , we have 

lim X n (p) = inf X n (p) = X(p). (1.5) 

n— »oo n 

Moreover, we establish a link between finite and infinite volume eigenfunctions. 

Theorem 1.2 When d>3, {u n ,n G N} converges to a solution of frl.4Y i)) in weak-L 2 (u p ). 

In [2], a solution of (|1.4f i)) was obtained through another sequence, say {u t , t > 0} in which 
u t was the density (w.r.t u p ) of the law of time- reversed process rfc conditioned on {r > t}. 
The functions {lit, t > 0} where positive and decreasing on A c , and satisfied the following 
uniform bound: for site i large enough, if q is the probability that a random walk starting 
on i with transition kernel {p(-, .)} hits the support of A, then when d > 3 

< u t ( V ) - u t (Atri) <e iUt (ri), (1.6) 

where Af adds a particle at i G Z d . 

We denote by X> p the convex set of non-negative decreasing functions of finite integral 
(w.r.t Up), satisfying 1)1.6)1 . We denote by the positive functions of V p . Finally, we define 
a dual space of probability measures, M. pi absolutely continuous with respect to u p , and 
whose density satisfies a condition similar to ()1.6j) . 

Intuitively, a Donsker-Varadhan's type functional would read IJ^^, ju) ="/ £(ip)/(pdp" 
for (99, /i) G x A^ p . One problem is that £ cannot be defined on as a convergent 
series. Thus, we define ^ ((p, p) in Proposition 14.31 of Section HJ as a Cauchy limit using 
cancelation due to gradient bounds ()1.6)) on ip and dpjdv p . 

We obtain in Section |4~21 a Donsker-Varadhan variational formula for the principal eigen- 
value. 

Theorem 1.3 When d > 3, and A is increasing with bounded support, we have 

X(p) = - sup inf Too^/i). (1.7) 

Obtaining (Jl. 7)1 is linked with the issue of uniqueness of the principal eigenfunction, since 
the minimax theorem hidden behind Donsker-Varadhan formula requires a convex functional 
h 1 — > Toole 11 , p), on a convex set of functions regular enough. Note that T>+ is all the more 
appropriate since when written for h = log(<p) with (p G T>~£, condition p. 6)1 reads 

h(rj) > /i(A+t?) > h(rj) + log(l - e*) (when Cj < 1), (1.8) 

and define a convex set. Now, the main uniqueness result is the following. 

Theorem 1.4 When d > 3, there is a unique normalized Dirichlet eigenfunction in T> p . 
This eigenfunction is positive v p -a.s. on A c . 
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The proofs of Theorem 11.41 and Theorem 11.21 are conducted in Section |SJ We sketch the 
simple intuitive steps behind the proof of uniqueness. Assume there exist u, u solutions of 
(ll.4f i)) in T> p . Then, they are actually positive (on A c ), and satisfy 

WfieM p , r 0O (tt,/i) = r oo (ii,/i) = -A(p). (1.9) 

As already mentionned, if u, u G T> p and 7 g]0, 1[, then u 7 := u^u 1 ^ 1 G T> p . Now, by 
convexity of h 1— > Iio(exp(/i), //) 

WfieM p , -A(p) = 71^0 + (1 - 7)roo(tt,/i) > roo(u 7 ,/i) (1.10) 

We now choose a special // so that equality obtains in (jl.K)j) . The space M. p is built so that 
if u* is a positive solution of (jl.4f ii)). then 

11 11* 

dn* := , \ dv p G M p . (1.11) 

Now, by a formal use of duality 



Uu^*) = " / -v-r; ^ ^ H = « -yy ^ d< = _ x(p y (L12) 



Ju^diSp p J u* Ju^u*diy p 

Finally, the case of equality in (jl.K)J) implies that u/u is ^ p -a.s. constant on A c by using the 
triviality of the cr-field of exchangeable events under v p . 

As a consequence of Theorem ll.4[ we obtain an asymptotic estimate of the first hitting 
time of A. To link this last result with those of [2], we recall Corollary 2.8 of [2j which was 
based on L p (v p ) estimates for u and u* . When d > 3, there is a positive constant c such that 
for any t > 0, 

c < ex P (X(p)t)P Up (r > t) < 1. (1.13) 

As a corollary of the uniqueness of the principal eigenfunction in T> p , we obtain the following 
estimates whose proof makes up Section El 



Theorem 1.5 When d > 3, 



lim - f e x( - p)s P u (r > s)ds = _ 1 , . (1.14) 
t J Q juu*du p 



2 Notations and preliminaries. 

We first recall in Section \2.1\ the hypotheses needed to define the AZRP on Z d . Then, in 
Section I2.2[ we describe the class of patterns we consider here. Section 12.31 contains the 
definition of all function spaces which we use. 
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2.1 The zero-range process 

The transition kernel {p(i,j), i,j G % d } is associated with a single-particle trajectory and 
satisfies for all i,j in 7L d 

(i) p(i,j) > 0, p(i,i) = 0, Eiez^(°^) = L 

(ii) p(i,j) — p(0,j — i) (translation invariance) . 

(iii) p(i,j) — if \i — j\ > R for some fixed R (finite range). 

(iv) If p s (i, j) = p(i, j) + p(j, i), then \/ieZ d , 3n, p^\0,i) > (irreducibility) . 

( v ) J2i&M0,i)^0 (positive drift). (2.1) 

Note that by (i) and (ii), the transition kernel p(.,.) is doubly stochastic. Thus, we can 
introduce a dual transition kernel {p*(i, j), i,j G with p*(i,j) = p(j,i)- 
We also need a particle dependent intensity g which satisfies 

(i) t7 : N — > [0, oo) is increasing. 

(ii) g(0) = 0, g(l) = 1 (normalization). 

(iii) A := sup (g(k + 1) - g{k)) < oo. (2.2) 

k 

For notational simplicity, we call the intensity at site i G Z d , gi{rf) := g(rj(i)). 
For any 7 G [0, snp h g(k)[, we define a probability 6> 7 on N, by 

1 T n 

7 (O =1/^(7 , and when n^0, 7 (ti = / (2.3) 

^(7)^(1) • ••£(") 

where ^(7) is the normalizing factor. If we set p(j) := Y^Li n9 7 (n), then p : [0, sup fc g(k) [—> 
[0, 00 [ is increasing. Let 7Q be the inverse of p(.), and for a constant density p > 0, let v p 
be the product probability with marginal law # 7 ( p ). Thus, we have 

V£? c Z d , J J[ri(i)du p = p |B| , and Jgi(vMKv)dv p (ri) = 7 (p) (2.4) 

where A~n has one particle less than 77 at site i. Also, we will often use that 

< g(n) < An, (by (ii) and (iii) of (|2.2|) ). and Jgfdu p < 00, for any p G N. 

(2.5) 

Following 9J, (see also [T] and [12] Section 2), let 

00 

a{i) = 2 ~> n (h 0), and for n, ( G N z " , Ifo - C|| = £ W*) " C«H*)- 

n=0 jgZ d 

Since the transition kernel p is finite range fbv 12. If iii)). another possible choice is a(k) = 
exp(— (\ki\ + • • • + \kd\)) for any site k = (ki, . . . ,kd) (see jH]). Our state space is Q = {n : 
H77H < 00}, and we call L the space of Lipshitz functions from (Q, ||.||) to (R, |.|), and Lj, the 
subspace of L consisting of bounded functions. For tp G L, we call 

L{tp) := supj 1 ^"^ 01 : \\ V - £|| > 0, V ,t G fl}. (2.6) 
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In P], it is shown that a semi-group can be constructed on L with formal generator 

C^r,) := PihMvH)) {<p{Tjri) ~ <p(v)) , (2-7) 

where TjT](k) = r)(k) if k g" {hj}, TjT](i) = r](i) — 1, and Tjfj(j) = r](j) + 1. If we set 
V*<p = <p o Tj — (p, we will often use that on {r)(i) > 0} 

Vjf=(pA+-^oAt)oA:. (2.8) 

Thus, if we set A]<p = tp o A+ — tp o A+, and use (|2.5jl and (|2.8j) . we have the following 
integration by parts formula 

j 9i V){v)fdv p = 7p|a^) A+(/)di/p. (2.9) 

Also, for convenience, we often write A^<p for <p o A^ 1 . 

In |T3] Section 2, £ is extended to a generator, again called C for convenience, on L 2 (i/ p ) 
for any p > 0. It is also shown that L& is a core for £. Moreover, {v p , p > 0} are ergodic 
invariant measures for C We denote by D(£, L 2 (i/ p )) the domain of C in L 2 (z/ p ), and by 
the L 2 (z/)-norm, for any probability measure v. Finally, we consider the adjoint (or 
time-reversed) of L in L 2 (z/ p ), acting on Lipshitz functions <p and ip by 

J C*{cp)ipdu p := J cp£{ip)dv p . (2.10) 

With our hypothesis, C* is again the generator of a zero-range process with transition kernel 
p*(., .) satisfying p*(i,j) := p(j,i) and with the same function g. We denote by {57} the 
associated semi-group, and by P* the associated Markov process with initial configuration 
r] eQ. 



2.2 Special patterns. 

We first recall that there is a partial order on Q. For r), £ £ £7, we say that r] -< £ if 77(2) < 
for all i G A function / : — ► R is increasing if for 77 -< £, f{rj) < /(£). Also, we say that 
A C Q is increasing if its indicator 1^ is increasing. Finally, for given probability measures 
v, \i on Q, we say that v -< \l if J fdv < J fdfi for every increasing function /. The zero- 
range process is a monotone process, i.e. there is a coupling such that P v ,c(Vt < (t,Vt) = 1 
whenever rj < (. 

We will be concerned with the hitting time of pattern, A, with the following properties 
dubbed (C— J-) for connectedness and finiteness: 

(i) It is non-empty, and its support S is bounded. Thus, v p (A) > 0. 

(ii) It is increasing, and O5 := {rj : r](i) = 0,Wi G S} (jL A. Thus, v p (A) < 1. 
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(iii) Its complement, A c , is connected, and is partitioned into a finite number of cylinders 
with support in S, whose set we denote by 0. In other words, for any cylinder 9 £ 0, 
there is an integer n, a sequence 9 , . . . , 9 n £ O, and i%, . . . , i n £ <S such that 

6»o := S , 9 n = 9, and 9 k = At 6> fc _i for k = 1, . . . , n. 

A typical example of patterns satisfying (C— J-) is given in (jl.lj) . Note also that if A satisfies 
(C—J-), there is an integer L such that {77 : X^s^W > L} C A 

We denote by C := l^c£ and {S t ,t > 0}, respectively the generator and associated 
semi-group for the process killed on A. 



2.3 Function spaces. 

The topology on {77 : 77(7) £ N, i £ Z d }, is the product of discrete topology, so that {rj n ,n £ 
N} converges to 77, if for any site i £ Z d , there is n$ such that for n > no ?7n(i) = 77(7). 

Let ifs : = inf{£ : X t £ 5} for a random walk with transition kernel {p(i,j)',i,j £ 

Z d }. Note that e; := ¥i(H s < oo) -»• as — > oo, (as well as e* corresponding to a 
reversed drift) and when the dimension d > 3, then we have the classical results 

E e ' + «) 2 < °°- 

Let .4 satisfy {C—J-). Choose n large enough so that S C A n := [— n, n] d , and set fl n = {77 : 
A n — > N}, and .F n := a({r)(i),i £ A n }). We often make the abuse of considering functions 
on Q n as defined also on Q m for m > n, but depending only on the sites of A n . 



2.3.1 Functions on Q n . 

A function ip on A n with (p\^ = belongs to P n when 

(0) < 

(1) V77, C £ Qn\A, if 77 -< C then </?(C) < 

(ii) Vr7 £ fi n \.A, V? £ A n \<S, ip{rj) - ^(A+77) < ip^, 

(iii) / y2aV p < 00. (2.11) 

When e* replaces ej in (ii), we say that belong to X>*. Also, we set := P n fl positive 
on A c }. 

Lemma 2.1 £> n is a convex subset o/L^. When d > 3, if (p £ X>+ ; i/ien y? and l^/tp are 
in L p (i/ p ) for any p>l. 

Proof. If £ note that is bounded since < <p{rj) < ip(0\ n ), where 0a„ is the empty 
configuration of fl n . Take 77, ( £ fi n \.A, and let £ = 77 V ( — 77 A £, and set m = Since 
V? is decreasing 

|^(77) -^(C)| <^AC)-^("VC). 
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Now, let {rji,i = 0, . . . , m} be an ordered sequence with 

V AC = Vo -< Vi -< <V m = 'n^C, with 77i = A+77i_i. 

where {ji, i = 1, . . . , m} are the positions of the m particles of £. Then, 



n-l 



i=0 i=l 

We use that ^(77*) < y?(0 A J, and that Yji e k = J2 k e k £,(k). Thus, 

6fc 



- y(oi < ^oo E e <^) ^ v(°a-) su p (-) E *(*)«(*)■ ( 2 - 12 ) 

Now, if 77, C G A, then (l2~T2D holds. Assume that 77 G Q n \A but ( <E A. Inequality ()2~T2)) 
follows once we notice that \\r) — £|| > infect > 0. Thus, <p is a Lipshitz bounded function. 
Now, ip and 1a c / { P are hi L p {i/p) for any integer p by Lemmas 17.21 and 17.41 of the Appendix. 

■ 

For any ip G T>„, we can define its logarithm on A c , h = log(p); on A we set h = —00. 
Note that (gUpj reads for ft, 

(i) V77, C G n n \A, if 77 ^ C then fc(C) < 

(ii) V77 G fi n \.A, Vz G A n \<S, /i(A+r/) > %) + log(l - Ci ), 

y exp(h)du p < 00. (2.13) 



m 



Thus, we will say that h G £ n if it satisfies ([2. 13)1 . A key and simple observation is the 
following. 

Lemma 2.2 £ n is a convex set. 

Proof. Inequalities 1)2.13)1 (i) and (ii) are stable under convex combination. Also, for 7 g]0, 1[, 
and hi,ti2 G £ n by Holder inequality 

J exp( 7 /ii + (1 - -f)h 2 )dv p <(^J e hl dv)j (J e h2 dv)j < 00. (2.14) 



We now define Ai n a space of probability measures whose elements have a density with 
respect to u p , generically noted / satisfying: (i) / is decreasing on A c , f\^ = 0, and 

(ii) V77 G Q n \A, Vi 5 f{r]) - f{Afr)) < /(r ? )(e i + e*) (2.15) 



Lemma 2.3 Assume that d > 3. M. n is a convex and compact set in the weak topology. 
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Proof. The convexity of A4 n is obvious. Consider the compact decreasing set 

K M = {t] G Q n : r](i) < M, Vz G A n }. (2.16) 

Note that .M n is tight: 



lim sup [i{K c K1 ) = 0. 
Indeed, since d\ijdv p is decreasing for any /i G -M n , by FKG's inequality 

V/i G .M n , M^m) = | ^ M ^dv p < v p {K M ) M -^? 0. 

Let {{i n ,n G N} be in M. ni with densities {/„ := d\x n jdvp\. Let {/i nfc } a converging subse- 
quence to /i. For any r\ G f2 n , l v is a bounded continuous function, so that 

fn k {v)v P {v) = J ^ v{ri) = f{ri)v p {rj). (2.17) 

Thus, f nk converges pointwise to / on Q n . It is clear that / satisfies (|2.15|) so that /i G M. n . 

■ 

An important feature of M. n is the following. 
Lemma 2.4 Assume that d > 3. If ip G £>+ and y?* G (^) + , ^en 

^ = f */ G ^ 2 ' 18 

Proof. First, by Lemma I7.2| j(p(p*dv p < oo. Also, note that <p, ip* > on A c so that 
j tptp*dv p > 0. Thus, \i given in ()2.18|) is well defined. Now, since ip and <£>* are decreasing 
on A c and positive, d\ijdv p is decreasing on ^4 C . Now, if ( = hfr), for i ^ S 

^(77)^(^-^(0^(0 = v*(»7)(^)-v(C)) + y(C)(^)-^(C)) 

< ^^(e. + e*). (2.19) 
Thus, /i satisfies (i) and (ii) of (|2.15|) . I 



2.3.2 Functions on Vt. 

We define D p as the natural extention of T> n to functions defined on the whole of Q. Thus, 
functions in T> p satisfy the inequalities in (|2.1l( 0)-(iii)) but almost surely with respect to 
u p . Also, U+ denotes the functions of V p positive z/ p -a.s. on A c . Similarly, we extend M. n 
into Aip, the space of probability measures absolutely continuous with respect to u p , whose 
densities satisfy z/ p -a.s. the same conditions as function of Ai n , but extended on the whole 
of 7L d . Note that by linearity of the conditional expectation, for ip G T> pi E v v\p\T^ G T> n , 
and similarly if ji G M. p with density /, then E Vp \f\Tr\dv p G Ai n . 

Lemma 2.5 A4 p is compact in the weak topology. 
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Proof. First, by Remark 17.31 of the Appendix, there is a constant C(p,2) > such that 



sup [A 2 du p <C(p,2). 
fi,eM p J 



Recall that by Banach-Alaoglu Theorem, {dp/dh> p , p G -M p } is weak-L 2 (z/ p ) compact in 
L 2 (i/ p ). Secondly, for any /i G M. p and integer n, as already mentionned 

d/iM :=E Up [^-\F n ]dv p eM n . 

Now, let {/ifc, k G N} be in A4 P , and let p^ be a weak-L 2 (z/ p ) limit along a subsequence, 
say {rife}. Note that for each integer n, the following convergence holds in weak-L 2 (z/ p ) 

/«* - dVp K»J /oo - ^ K»J- 

Moreover, f^du p G -M„, since .M n is compact by Lemma 12.31 Finally, the sequence 
{foo\ n 6 N} is a positive martingale which, by the martingale convergence Theorem, 
converges i^-a.s. to f^. Clearly, inequality (|2.15jl holds z/ p -a.s. for f^. I 



Remark 2.6 With the same arguments, we obtain that V p n{ip : J(fdv p < c} is weak-L 2 (z/ p ) 
compact, for any constant c > 0. 

Remark 2.7 We give now more details on how a solution u to (jl.4f i)) was obtained in 
and why u G T> p actually. We recall that for any probability p, introduced in 8j was the 
invariant measure of the renewal process corresponding to {r] t } started afresh from measure 
[i each time it hits A. Also, for any integer k, the map $^ was the k-th. iterates of $. It 
is shown in Theorem 2.4 of [2] that the Cesaro weak-L 2 (V p ) limits of {^ k \u p ),k G N} are 
solutions of (|1.4( i)). There is actually a simple expression for $w. Since A(p) > 0, we have 
J °° P Vp {r > t)t k dt < oo, and the following probability drrikit) on {t > 0} is well defined 

dmk ^ = f^pT^uL and ^^ {r,) = I u t ( V )dm k (t), (2.20) 
J P Up {r>t)t k dt du p J 

where u t is mentionned in the paragraph preceding (|1.6j) . Since, w 4 G P p , it is clear that 
for any integer fc, d& k \v p )/dv p G P p as well as the Cesaro mean since V p is convex. Now, 
since $( fc )(z/ p ) are probability measures, Remark 12.61 implies that all the Cesaro limits are 
in D p . Thus, there exists a solution of (|1.4f i)) in Dp. we denote it by u. Notice also that 
our uniqueness result, Theorem II .41 implies that the whole Cesaro limit converges to u, thus 
strengthening the results of [2|. 
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3 From finite domains to 7L d . 
3.1 Irreducible dynamics on A n . 

Following the approach of [TT] . as in pp, we first consider, for any integer k and m, a finite- 
state generator on the hyper-surface 

For this purpose we introduce, for any integer n and for A n 

C -\ _ j P(hj) [i i^J i */• -x _ ( P*(iJ) if 

Pnl ' Jj -"lE ¥ AjM) if f = j ' ^' J,: iE^Pl^) if i = 3- 

(3.1) 

Note that j)} is not doubly stochastic. The {C k ^,k G N} have the same expression, 

though on different domains 

Vr? G nf ra)) C\ m) {(p){rj) = J2 Pm(iJMv)(<p(T;v) ~ <p(v))- (3-2) 

The process generated by £( m ) is well defined. Now, we take n < m — R, where R is the 
range of the transition kernel p(., .), and for ip G T> n , we define 

K 

CM) = lim ^^ P [W £f m) M^ A J. (3.3) 

if— >0O Z ' P (m) V / 

k=0 

This limit is well define since T> n C L&, and 

Pm(hj)9i(v)(f( T jV) ~ <p(v)) < L (v)Pm(hj)gi(v)(a(i) + a(j)), 
so that by Lemma 2.1 of ^3], we have that 



J2 / (4*) fa)) 2 Ho ^ < 00 • 

fc>0 J 



Also, the expression C( m \(ip), and the limit (|3.3|) are independent of m when m > n + R, 
and we called the latter E 1 ^ [£(</)) |jF An ] in the Introduction. Since {C^ m ^,k G N} have the 
same expression, we henceforth drop the index k, as well as p in L p n since we work with a 
fixed density p > 0. Finally, a simple computation gives an expression for C n 

C n (lf) = C(n)((p) + Pnih i)l P {v ° K ~ <P) + ^2Pn(i,i)9i(p°K - <?)■ (3.4) 

i6A n «6A n 

Note that by definition of £ n , the product of measures 7 ( p ) over sites of A n , which we 
denote either by v^ n or simply by u„, is the invariant measure for C n . Also, we have 
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= E u [£*(</?) | .Fa J. Finally, we omit the simple proof that C n is a monotone irreducible 
process. 

We denote by E™ (resp. E^) the law of the Markov process generated by C n (resp. 
£(„)) with initial configuration 77. We denote by £ n := l^C n (resp. £( n ) := l^c/^)) the 
process killed on A, and by 5" (resp. S'f 1 '') the associated semi-group. Note that if r is the 
first occurrence time of A, then for ip\^ = 

= W*Ar)] = ^foOW 



3.2 Approximating the killed process. 

The main uniqueness result is the following. 
Lemma 3.1 For any if G L5 with ip\^ = 0, we /iove 

V*>0, lim [ \S?(<p)-S t ((p)\dvo = 0. 

ri— >oo J 

Proof. We first approximate {r > £} by {^(tj) G" ^4, i = 0, . . . , k} where {t{} is a regular 
subdivision of [0, t] of mesh t/fc; we denote the latter event {r k > t}. Thus, we show in Step 
1 that for each k > 0, and <p G h b with <£>|_4 = 

fim y \E%[l {Tk>t}( p(r] t )} - E^[l {Tk>t}( p(r, t )]\du p = 0. (3.5) 

Since by Lemmas 2.3 and 2.6 of pp, we have the pointwise convergence 

E^[l {Th>t}( p( Vt )] = Sg> (U-4 B) (U . . . O?))) M ™ EnV-t+xMlt)), (3-6) 
we would conclude that 

lim / \E%[l {Tk>t} v( Vt )\ - E v [l {Tk>t} ^( Vt )]\du p = 0. (3.7) 

n— >oo J 

In Step 2, we show that there is a constant C independent of n such that 

J\E-[l {Tk>t}l p(r, t )} - E-[l {T>t} <p( Vt )]\du p < Ce. (3.8) 

Also, leaving A requires that all the particles in excess escape S in a subinterval of length 
t/k. Thus, the continuity properties of the infinite volume process give 

lim E v [l {T h >t} (p(r]t)] = Er,[l {T>t} (p(ijt)], (3.9) 



k— >oo 



and the proof is concluded once we combine (|3.7J) , (|3.8J) and (|3.9J) . 
Step 1. 
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First, we show by induction on k (the number of points in the subdivision of [0, £]) that 
there are two constants Ck, C' k such that for r\ G" A if we set 6 n (i) = (p n (i, i) + Pnih z ')) a (*) 

k — l i 

\E%[l {7 * >t} <p{rH)] - E^[l {Tk>t}V ( Vt )}\ <C k J2 E / ^W*") + C' k ]ds, (3.10) 

where so = and Sj = ti + ■ ■ ■ + tj. 

For k — 1, we have t = and t x = £, so that (|3.1(Jj) reduces to show that for r] G" A, 
there are Ci,C[ such that 

\SMv) - 5 t (n V(^)l < Ci E 6 ^ f E v{Vs(i) + C*]<fo, (3.11) 

To obtain p. lip , we use an integration by parts formula 

SMV) - S[ n) if{ri) = f Sl s {C n - C (n) )Si n ^( V )ds. 



Since ip G Lemma 2.2 of P implies that for some constant C 

L(S^<p) < e Cs L(<p). 
From (|3.4p it is enough to bound terms of the form 

|A±^V(f7) - VMI < ^(5j B V)«(i) < ^)e Cs a(*). (3.12) 

Thus, 

|5?pfa) - Sf V(??)l < L{fp) E *»(*) f\s n s {gm + 7p) <k. 

(|3.11|) follows after recalling that #1(77) < Ai](i). 

The induction step from to + 1 follows with exactly the same arguments. First, we 
recall (|3.fip and write similarly 



E«[l {Tk>t} v{m)\ = SI (l A .S£ (l A a . . . S? h+l &) 



We call ip2 '■= Sj£\l A cSt™' (l A c ...)), and recall that ip 2 £ L fe by Lemma 2.3 of [T]. We now 
show that l A cijj2 G Indeed, for 77, £ G f2 

1^2(^)1^ -^2(C)lce^ c l < 1 n,CeA^2(v) -^(01 + 1 b(v, OI^U- (3.13) 

where we set 5 := ^4 x U A c x A Now, (77, C) £ -3 implies that J2s 1^(0 — C(0l — 1- 
Thus, _ 

i,0,,O < £ W0 " CWI < ^Mlz^Ml < c||, _ C ||. ( 3.i4) 
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Thus, combining (|3.14|) and ()3.13|) we obtain that l^c0 e L&. Now, 



^[v^c^i-swii^^)] = (^(i^ 2 )-4 n) (w 2 )) 

-S£ (U- - 5S(U.5S(U- • • • )))) (3-15) 

To the first term on the r.h.s we apply the estimates of the step k = 1 of the induction. For 
the second term, the difference ip2 — 1.4c 5^ (1.4c . . . )) has k subdivision times, and we 
use our induction hypothesis to obtain (j3.10j) at order k; since is positive preserving, the 
inequality is preserved after applying S™ and we obtain the desired (|3.10|) at order k + 1. 
Now, to obtain (|3.6j> . note that 

a(z) < 00). 

«eA„ ieA„\A n „ fl «ez d 

Step 2. Let be the first time a particle inside S escapes S, and let 9 t be the time- 
translation by t. By the strong Markov property, for 77 ^ A and e = t/k 

\P;(r>t)~P;(r k >t)\ < P v n (\J{rE [t^Ulas o6 T <e}) 

\i<k / 

k 

= J2 E vl 1 -relt i -iM P Z(°s<e)}. (3.16) 

We need now a uniform estimate on P^ T (cr s < e) < Ce. By the hypotheses made on A, 
we know that at time r, there is a bounded number of particles in S. For the zero range 
process, it is routine to couple, from time r onward, the motion of the particle inside S (at 
time r) with a process containing only particles in S distributed as those of r\ T . Now, for this 
new process, at any site, the rate of jump is bounded (uniformely in r] T , since the number 
of particles is uniformely bounded), and the probability of having a jump before time e is 
smaller than 1 — exp(— ce) < ce. This concludes Step 2. I 



3.3 Donsker-Varadhan functionals in A n 

For (y?,/i) € T>+ x A4 n , we define 

T n ((p,/j,):= I -^-d{i. (3.17) 
J V 

This is well defined since ip > on A c which contains the support of \x. The functional 
T n ((p, /i) is useful if it has some regularity in \i and convexity in log(^). 

Lemma 3.2 Assume d > 3. (i) For any ip e T> n , T n (ip, .) : M. n — > K continuous, (ii) For 
any \i G .M n , i7ie map r n (.,/i) := r n (exp(.), //) : £ n — >■ K convex. 
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Proof. Since C n ((p)/ip is not bounded, point (i) is not obvious. Let {pk,k G N} be in Ai n 
converging weakly to \i. We show that for any <p G V n , T n (Lp,p k ) converges to T n (<p, p) as k 
tends to infinity We recall the notation V* = Tj — 1, 

z — ' / 09 z — ' I LP LP 

(3.18) 

Let K M be the compact set defined in ()2.16|) . When integrating over K M , the integrals 
on the r.h.s of ()3.18j) pose no problem since the integrant over Km is bounded. When 
integrating over K M , first we recall that by Lemma l2.4[ we have that Lp, l A c/Lp 1 g i as well as 
fk := dfik/id-Vp) are in L p {v p ) for any p > 1. We then use Holder's inequality for p = 5 

gi^—dp k < I g t — - — f k du p 

\ i/p 



- (/ 9iV P °^i dv p J ^p-dvp J f k dvp J g\ l du p v p (K c M 



< 



l/p 

c \l/p 
Ml 



<CPp{K M y /pm -^? 0. (3.19) 

The other terms of ()3.18|) are dealt with in the same way. To establish (ii), note first that 
by Lemma f2.2[ £ n is convex. Then 



T n (e h ,p) = f 9i (e^ h -l)dp 

i,jeA n 

+ J2p* n (i,ih P J(e hoA ^ h - l)+p n (i,i) J gi (e hoA >- h - l)dp. (3.20) 



The convexity follows from the convexity of the exponential. 



3.4 A variational formula for X n (p). 

Lemma 3.3 For d > 1, there is u n G V n and X n (p) > such that 

l A cC n (u n ) + \ n {p)u n = 0. (3.21) 

Moreover u n is positive on A c . 

Sirailary, when d > 1, there is u* n G £>*, positive on A c , which satisfies l^ c £*u* + 
\ n (p)u* n = 0, and 

-X n (p) = limllog(P;(r>t)). (3.22) 

Proof. The proof follows the same lines as that of [2j (see also [E]). This is expected since 
C n is a monotone operator with the same features as C Thus, ()3.22j) follows as simply as 
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()1.3|) by a subadditivity argument. Now, for r\ G Q n , we denote 

^)- p „ (r>t) - p „ {T>t) ,andn 4 »- ^ > ^ (3.23) 

and as in Step 1 of the proof of Lemma 2.6 of 2J, ut, n £ Dn and G T>* n . We focus now 
on u tj n, though similar properties will hold for u* n . First, by Lemma EH A n (p) > A(p) > 0. 
Thus, for any k, J °° Py p {j > t)t k dt < oo, and as in Remark 12.71 we define 

dmk{t) = r hi* > and ~^r {r]) = Jo u ^ )dmk{t) - 

With identical arguments as in the proof of Theorem 2.4 of [2], the Cesaro weak-L 2 (t/ p ) limits 
of {® { n\v p ),k G N} are solutions of 1CT2T1) . Now, it is clear that rf$i fc) (z/p)/ rfzy p 6 I> n . Also, 
in the weak-L 2 (z/ p ) topology T> n is compact by Remark 12.61 and contain all the Cesaro weak 



u, 



limits of {$n (y p ), k G N}. Thus, there is a solution of ()3.21|) in V n : we denote it by 

We now show that u n > on A c . By contradiction assume that for rj G fi n \.A, u n {rf) = 0. 
Then (|3.22|) implies that C n (u n )(rj) = 0. This, in turn, implies that 

(i) For all i,j G A n with p(i,j) > 0, we have u n {T l -r]) = 0. 

(ii) For all i G A n with > 0, we have u n (Afrj) = 0. 

(iii) For all i G A„ with r)(i)p n (i,i) > 0, we have u n (A[r)) = 0. 

To conclude that u n = on A c , it is enough to note that by the hypotheses (C— JF) on A c , 
each i] <E A c can be transformed into 0\ n by a succession of actions {A 4 ~} with i G A n , 
and {T, 4 } with i, j G A„. The reverse operation is made through a succession of {A+} with 
% G A„, and {Tj} with i, j G A n . ■ 

We now establish the Donsker-Varadhan representation for X n (p). 
Lemma 3.4 Assume d>3. If A satisfies {C—T) of Section \2. 6 A then X n (p) is given by 

-X n (p) = sup inf f ^dp. (3.24) 

Proof. Let us call 7 n the right hand side of ()3.24|) . From Lemma 13 .3[ there is u n G T>£ 
such that C n u n + X n (p)u n = 0. This implies that 7 n < — X n (p). We can use a classical 
minimax theorem [7j, since we have that (i) for any fixed p G A4 n , h i— > T n (h, p) is convex 
(by Lemma l3~2~J) on the convex set £ n (by Lemma l2~2~J) . (ii) for any fixed h G £ n , p ^ T n (h, p) 
is continuous (by Lemma l3~2~J) on the compact set M. n . Thus, 

7„ = inf sup / —^-dp. (3.25) 

neM n J <P 

Now, for any ip G < jipu* n dv p < oo, and we can define 

= ^< dv f> G Mn ( by Lemma El . 
J <p<dz/ p 

16 



Then, by duality 



d/i = / -j. -j—du p = / 7 ——L n [u n )dv p = -A n (p). 



<P J V 5 ¥<dv p p J J ' ipu* n dv p 

By (|3.25|) . 7 n > —X n (p), and the proof is concluded. I 

In the following lemma, we establish the uniqueness of the principal Dirichlet eigenfunc- 
tion. 

Lemma 3.5 Assume d > 3. There is a unique non-negative eig enf unction u n G T> n oj\j^L n 
which satisfies f u n du p = 1. 

Proof. We know from Lemma l3~3l that there exists a positive eigenfunction u n . Assume that 
u is a non- negative Dirichlet eigenfunction with j udv p = 1 and corresponding eigenvalue A. 
By the same argument as in the proof of Lemma 13. 31 we have that u is positive on A c . 

First, we show that A = A n . Let u* n be the dual eigenfunction given in Lemma f3. 31 We 
multiply equality (|3.21|) by w*, integrate over v p and use duality 

u* n C n {u)dv p = —A J u* n udv p =^ (A n (p) — A) J u* n udv p = 0. (3.26) 

Now, since u* n and u are positive on A c we conclude that A = A n (p). 

Second, we show that u = u n . Set h := \og{u n ) and h := log(u), on A c . For any ji G M. n 
and any 7 g]0, 1[, by the convexity of Y n 

jf n (h, fj) + (1 - j)f n (h, fi) > f n (jh + (1 - 7)^, »). (3.27) 

Since u n and u are solution of (|3.21j) . the left hand side of (|3.27|) is — A n (p). We define 
= 7/1 + (1 — j)h G £ n and we note that < J exp(/i 7 )-u*<iz/p < 00. Now, 

e^ ll u*di' 

dp-y = „ " p G M n , and is such that r n (/i 7 ,/i 7 ) = T n (u* n ,fi^) = — A n (p). 
Je ~<u n dv p 

Thus, we have equality in ()3.27|) with p 7 . Since /i 7 gives a positive weight to any r\ G fin\./4, 
the following three conditions hold: (i) for all i,j G A n with gi{i])p(i,j) > 0, we have 
V}/i = V}/i; (ii) for all j G A n with j) > 0, we have (At - 1)^ = (At - l)h; (iii) for all 
j G A n with g{rj(j))p n {j,j) > 0, we have (Aj - l)h = (Aj - l)h. 

Since u n is positive on A c , we form / = u/u n , and rewrite the conditions (i)-(iii) for /. 

(i) For all rj G A c and i,j G A n with r)(i)p(i,j) > 0, we have /(Tjr/) = /(r?). 

(ii) For all i G A n with p*(M) > 0, and A+77 G -4 C , we have f(Afr]) = f(r]). 

(iii) For all r] e A c and i G A n with r](i)p n (i, i) > 0, we have f(A^rj) = f(rj). 

As in the proof of Lemma l3~31 we conclude that u = u n . I 
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3.5 Approximating the principal eigenvalue. 

With an abuse of notations, we define for any finite domain U, Cu{<p) = E v \C(<p)\J-u\. We 
mean by L\j an expression like ()3.4j) where U replaces A n : thus, a zero-range process on U 
with creations and annihilations on the boundaries of U. We denote by SY the semi-group 
associated with Cu and by P^ the corresponding Markov process with initial measure v. 
We denote by BY the semi-group killed on A. 

We first state an obvious corollary of Lemma 13. II applied to ip — \a c - 

Corollary 3.6 When the pattern satisfies (C—J 7 ), we have 

limP;(r>i) = P,(r>f). 

Proof of Lemma 11.11 We divide the proof in two steps. 
Step 1. We show that n \— > P„ (t > t) is increasing. 

Let U be a finite subset, i £ U, and set U = U U {i}. Thus, it is enough to show that 
J (BY1a c ~ SY^A c )dv p > 0. Step 1 follows then by induction. Note that for cp jF^-measurable 
and j G U, we have ipoTj = ipoAj,(poT-=ipoAj,(poAf = ip and <p o A[ = <p so that 

{Cfy-Cu)(p = I a- ^2 {p(j,i)9j(<P°Tj -<p) +p(i,j)g%(<poT} -<p)) 

jeu 

~ l ^ c ^jiv ° A 7 + p&jhpiv oA t~ <p)) 

jeu 

= Uc^p(z,j)( ft - 7p )(vpoA+-^). (3.28) 

jet/ 

Now, we set <p s := ^(l^c) and ip s := (S^)*^!^), and we use an integration by parts formula 



JsY(l A *)dv p - JSY(l A *)dv p = jj S2_ a {£&-£ u )§?(l A ,)d8dv p 

t 

(£$ - Cu^ipstyt-sdsdi/p. (3.29) 



Thus, by (f3~2%j) 

Pu p (r>t) - P? p (T>t)=Y l P(iJ) lf{^fs-fs){gi-l P )^t-sdsdv° p 

jeu JJo 

= ^2p(iJ) //(A>,-^) kg % -lMt-sdvfdsdv u p . (3.30) 
jeu JJo J 

Note that for any s, 77 i— > ^,(77) and 77 1— > ^(77) is decreasing positive, whereas 77 1— > 5^(77) is 
increasing and f gidv p = j p . Thus, by FKG inequality 

( 9l - lp )^ s dp p {i} < [fa- lp )duf f ip t _ s dvW = 0. (3.31) 



Thus, as <p s o — <p s < 0, the first step concludes. We call Aoo(p) the limit of A n (p). 
Step 2. We show the following Lemma which allows us the conclude the proof of Lemma fTTTl 
readily. 
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Lemma 3.7 Any subsequence of {u n } has a further subsequence converging, in weak-L 2 (u p ) , 
to a solution u of TTJM i)), and u &V p . Moreover, Aoo(p) = A(p). 

Proof. For notational convenience, we write the proof for Recall that T>* H {<p : 

f(pdv p = 1} is compact in weak-L 2 (z/ p ) by Remark [2.61 Let u* G X?* be a limit point of {ti* } 
along a subsequence which for simplicity we still call {u* n }. For any ip G and any integer 

n 

' S?{cp)u* n du p = e~ Xn{p)t I pu* n du p . (3.32) 



Then, 

I Js?((p)u* n dv p - Js t {p)u*dv p \ = \ J (S?(<p) - S t ((p)) u* n dv p \ +| Js t (f{u* n - u*)dv p 



< sup||<||^||^ t n ((p) -5^)11^+1 IS t ip{u* n -u*)dv p \. (3.33) 

n J 

The L 2 (z/ p ) convergence of 5™(<p) — S t (<f) is equivalent to an L l {u p ) convergence, since <p 
is bounded and S t , S™ are contractions (in L°°). By recalling Lemma I3~T1 and Step 1, and 
taking the limit n to infinity, 

r S t ((p)u*dv p = e - Xoa((,)t J pu*dv p . (3.34) 

Now, since L& is a dense set in L 2 (z/ p ), this implies that m* G V(C*, L 2 (z/ p )), and that ()3.34j) 
holds for any <p G L?{y p \ Take <p = m G T> p C L 2 {v p ) solution of (jl.4f i)). and use that 

ftW-^V , p -a. 8 .^(e-^).-e-*».,/»^ = 0. 

Now, since it and w* are decreasing, and in L 2 (z/ p ), we have 

/" FKG /" /" 

^ > IMLJ|w*|L_ > luu*dv p > \udvp u*du p = l. 



Thus, Aoo(p) = A(p), and w* satisfies (|1.4f ii)). 



4 Donsker-Varadhan functionals on Z 

The main problem arises since £(<p) does not make sense as a pointwise convergent series 
when <p G £> p . Indeed, even if <p were bounded, the naive bound |V*<p| < |<p|oo(ei + £j) would 
fail since J2k e k = 00 • Thus, we show in this section how to obtain r oo (<p, p) as the limit of 
the Cauchy sequence {J££(<p)/<pcfp, n G N} taking advantage of the gradient bounds on <p 
and d\ijdv p by an integration by parts formula. 
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4.1 Technical prerequisites 

We first define a family of functionals, {r n , n G N}, on X>+ x Ai p , whose limit when n tends 
to infinity is shown to exist. 

Lemma 4.1 Assume d > 3. For (p G and G A^ p; and any integer n, the functional 
T n (ip,fi) := J C n (cp) /(pdfjL is well defined. If we call T n (h, ft) := r„(exp(/i), ft), then for any fi, 
the map h i— > r n (h,fi) is convex on the convex set S p . 

Proof. The formal full expression of T n (<p, fi) is 

T n (<p,fi) = P(hj) [ 9i^ J ^dfi+ Y (ipPn&i) I '^-^-dfi + pnfai) I g~^dfi \ . 

(4.1) 

Note that as cp G T>+ T l -tp < A i (p. Thus, f|4.1^ is defined if we bound J g^ (<p)/<pdfi for 
each site i G A n . This is done as in (j3.19|) . 

From (|4.1|) . an expression for T n (h, fi) is as follows 
f n (h,fi) = ^ Pihfi / 9i (< 

+ E / ^ th - l)dfi + p n (i,i) J 9i(e y * h - l)d^j . (4.2) 

The convexity of /i i — ^ T n (h,fi) follows from the convexity of the exponential. I 
We now express T n (h, ft) in terms of gradients of h and fi. 

Lemma 4.2 For h G £ p and ft G M. p , we have with f := dfi/dv p 

f n {h,fi) = J2 7 P Pn(iJ) (/ (e Aih ~ l) V+/aV p + J (e^ h - 1 - A^) d^j + i? n (M), 

(4.3) 

lim sup sup \R n (h, fi)\ = 0. (4.4) 



e^ h -l)dfi 



i,j£A n 

with, 



Note also that 



j £ n {ip)dfi= 'ypPnihj) I Ai<pVtfdis p -Y,7pPn{i,i) I Vt^>Vtfdv p . (4.5) 
Proof. First, we apply the integration by parts formula (J2.9)) to (|4.2j) : 

t n (h,fi) = J2 fan [ ^ - x ) ^ 

i,j&A n 
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1 P E Pn(i,i) (| (e A ' h - l) V+/A/ p + J (e A ^ - 1 - A{h) dp 



with 



+R n {h,^) + N{h,ii), (4.6) 



:= EW(M') !{e-^-m{f)d, p 

+7p$>"^ z ) l{e y t h -l-Vth)dn 

ieA„ J 

+1 P Yj>»& l ) j ( e " V ^ " 1 + VtWn, (4.7) 

iV(/i,/i) := £ 7 pP(i,j) / ^7p(p;(^0 -Pn(i,i)) / (V+/i)d/i. (4.8) 

To show that iV(/i, //) vanishes, first write 

E p(«*,j) /(v;^ = E (Z>(u)) /wo*** 

= E (i-E^)) 



and, 



E(1-K(J,J)) /(V+^rf/i, (4.9) 



jeA 

and similarly, 

jj'eA„ ^ ieA n 

It is thus clear that N(h,fi) = 0. 

We now show that R n (h, fj) defined in (|4.7j) is negligeable. Note that for i ^ S, < 1. 
Also, for n large enough, if we define <9 fi A n := A„\A„_ R , then d R A n PI <S = 0. Also, by (|2.1j) 
(iii), p n (i,i) = when z ^ d R A n . Thus, there is a constant Co > such that for i e c^A^ 
< — log(l — e*) < coej, z/p-a.s., and |V^~/| < (e^ + e*)/, i/ p -a.s. .Thus, there is a constant 
ci > such that 



Pn(Mj 



j (e- v ^ - l) Vtfdv p \ < j (exp(c e J ) - l)(e, + e?)d/i < c^e, + e*), (4.10) 
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and by expanding to second order in Vfh 

p* n (i,i)\ l{e^ h -l-Vjh)dp\< Cl el and p n (i,i)\ I ( e - v ^-l+V+/i)d/i| < c.ef, (4.11) 



Combining ()4.1U|) and (J4.ll)) . and summing over i G d R A n , we obtain the desired asymptotics 
(J4.4)) . since for dimension d > 3, Yl e l < 00 • 

We obtain ()4.5|) from (|4.3j) by setting h = e^p and expanding //) to first order in e. ■ 

We are now ready for the key technical lemma of this section. 

Proposition 4.3 For ((f, p) G x A4 P , {T n (</?, p) , n € N} zs a Cauchy sequence whose 
limit we denote by I^^, //). VFe /icrae £/ie following properties. 

(i) Fork G £p ; /i 1— > I^o(/i, /i) := ^(e^/i) zs convex. 

(ii) The Cauchy sequence is uniform in the following sense 

lim sup sup \r n ((p,fi)-T oo ((p,fi)\ = 0. (4.12) 

(Hi) For any integer n, and any p G .A/f p we denote by p n the measure of M. n of density 
f n : = E Vp [dp/ dv p I T Kn ] . Then, 

lim sup sup \T oo ((p n ,p n )-T oo ((p n ,p)\ = 0. (4.13) 



(iv) Forifn G £>+ and p n G .M n , we /iat>e (</?„, /j n ) = r n (<^ n ,/i n ). 

Proof. Step 1: We show that {I^(<£>, /i), n G N} is a Cauchy sequence and (|4.12j) holds. 
By using the expression ()4.3|) of Lemma 14.21 we have for m > n 

f m (h,p)-f n (h,p) = l P P(iJ)( f(e A ' h -l)Vtfdu p + f(e A i h -l-Aih)dp) 

+R m (h,p)- Rn(h,p). (4.14) 

Since p(i,j) = when \i — j\ > R, we can assume n and m so large that if G A^\A^ 
with p(i,j) > 0, then i,j £ S. Thus, there is a positive constant c such that z/ p -a.s. 

V(2,j)GA^\A>ithp(2,j)>0, |V^| <-log(l-ej) <c e h and |Vt/| < (e, + e*)f. 

(4.15) 

Also, there is a positive constant Ci such that 

p(i,j)\ J {e^ h - l)Vtfdu p \ < J (e c ^ + ^ - + e*)fdu p 

<c 1 (e i + e j )(e i + e*). (4.16) 
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Now, recalling that for i S, YljP{hj) e j = e «> an d J2jP(hj) = 1> we have 

E c 1 p(ij)(e i + e j )(e i + e*)<2c 1 E ei ( ei + e *)^ 0) (4.17) 

since J2i e l = Y^i( e t) 2 < 00 w hen d > 3. Similarly, the second integral in ()4.14|) will go 
to 0, after we perform a second order expansion and use (J4.15)) . Now, from Lemma l4.2| 
\R m (h, /i) — R n (h,fi)\ converges to uniformely in £ p and M. p . 

Step 2: The limit h 1— > I^o(/i, /i) is convex, since it is a pointwise limit of convex functions. 
Step 3: We prove flUGJ). 

Let be in V n , and set /i n = log(y? n ). Note that for i G" A n , Vfh n = 0. Also, for any 
function V, A^E„ [V>|.FaJ = ^[A+^aJ. Thus, for m > i? + n 



= fn(^n,/^)+ 7pP(^j) /[(e Vj+/l "-l)V+/+(e v ^-V+/ in -l)/ 

«GA m \A„ 
jeA n 

+ E 7*p(*,i) | [(e- v ^-l)V+/ + (e- v ^ + V+/ in -l)/ 



dv p 



dv p 



jeA m \A„ 
ieA n 

+R m (h n , /i) - R n {h n , fi). (4.18) 
By observing that T n (h n , //) = T n (h n , /i n ), and that R m (h n , /i) = for m > n + R, we have 

f m (h n ,fi) - f n (h n ,fi n )= E IpPfaj) J(^' hn ~ l)V, + /rfz. 



f^p 



i€A m \A n 

iea fl A„ 



E ( /(e- V ^" - l)Vf(J)dv p + f(e-n^ + V+K - l)fdi 

E -TpPnUJ) k^ hn - V+hn - \)fdv p - R n (h n ^). (4.19) 

jed«A„ 

Now, using again that for j G d^An, |V+/i n | < c ej, and for 2 G c^AnUA^, |V+/| < (e^+e*)/, 
we have a constant Ci such that 

\f m (h n ,n) - f n (h n ,n n )\ = \Rn{h n , fj)\ + d p(i,j)e j (e i + e*) 

i6A m \A„ 

jeA n 

+ 2C< i E e ? + CiE e ife + e i) 
ieO«A n jea«A„ 

|iU^,/i)| + + (e*) 2 + Ci E (4e 2 + (e*) 2 )(4.20) 

i0A n j£d R A„ 



< 



Equation ()4.13|) follows after we take the limit m to infinity in ()4.20|) and use (j4.4j) of 
Lemma 14.21 
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Step 4: We show that ^((pn, ji n ) = T n (tp n , fi n ) . Indeed, for m > R + n, £ (m) (<p n ) = £(<p n ) 
so that 

p. / \ It? \£(rn)(<Pn) , ^ 1 , f E v [£(m) (^n) I-^aJ , , w s 

r m (^n,/^n)= / ^„ /n ^A m CH>p = / f n du p = T n (Lp n ,fl n ). 

J I <Pn J J 

(4.21) 
■ 

Now, a minimax theorem for Too will be a corollary of Lemma 12.51 
Proposition 4.4 A minimax theorem holds for L^. In other words, 

sup inf £o((p,ju)= inf sup 1^ (<£,//). (4.22) 

Proof. We need to check that for any 99 G V p , the map /i 1— »■ ^(ip, /i) on 7V1 P is continuous 
on the compact space M. p . Let fc G N} be in M. p) converging weakly to /x 6 .Mp. By 
Lemma 17^1 all densities fk = d\ikjdv p are uniformely bounded in L 2 (z/ p ). Thus fk converges 
in weak-L 2 (z/ p ) to d\ijdv p . Now, for <p G P+ as in ()3.19|) . ^(y? o ?T)/V G L 2 (z/ p ), so that for 
U e A n 



cji d//jfe — ► hi -dfi. 

¥ J V 

Thus, T n ((p, /J,/,) — > r n (<^,/i) as — >• 00. Now, the uniform Cauchy property (|4.12j) implies 
that IJ,o(^, fi k ) — ► roo(v9, /i) as fc -> 00. ■ 



4.2 Proof of Theorem flTSl 

If u n is the principal normalized eigenfunction of C n , then for any n and any // n , we have by 
Proposition 14.31 (iv) 

roo(«n,/in) = -A„(p). (4.23) 

Now, by (|4.13J) of Proposition 14.31 for any e > 0, there is no such that for any n > uq 

SUp (Loo^,/!) - T^Un, fJ, n )\ < 6. (4.24) 

neMp 

Thus, for any /i G M. p and n > n 

Vx{un, /-0 < -A„(p) + e =>- inf r oo (<p,/i) < -A n (p) + e (since P n C V p ). (4.25) 

Recalling Lemma f 1.11 and taking the limit n — > oo, we obtain 

sup inf r^fon) < -A(p). (4.26) 

Conversely, if h n = E Up [h\J r n ] for h G £ p , we show by a convexity argument that 

Vp n Loo(/i,/i„) > T^hn^n) - e n with lim e n = 0. (4.27) 

n— >oo 
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f m (h,H n ) = ^ JpPi^j) 



Indeed, take m > n and in expression ()4.3|) break down the gradient Vff n so as to obtain 

(e A ' h - l)At/„ - (A{h)f n ] dv p + Rmih^n). (4.28) 

We further divide the sum over A m into 

{e^ h - l)A+/n - Aj/i)/ n l rfz/ p + Q n , m (h,tm), (4.29) 



i,ieA n 

where Q n ,m(h, p n ) contains the sum over (z,j) G A^\A^. With similar estimates as those 
showing that R n (h, y) goes to when n tends to infinity uniformely in ft, and p, in the proof 
of Proposition I4.3| Q n;m (h, p) goes to as n and m tend to infinity. Using that for any 
function if) and i G A n , A+Ev p [^|.F n ] = E v if)\J-n\, we have by Jensen's inequality for the 
conditional expectation 



T m (h,fi n ) = E l P p{i,j) / E Vp \e^ h - l|J" n ]A+/ n - E Vp \A\h\T^j n dv p + Q n>m {h,fj, n ) 
> ^ 7pP(«, i) / (e A « ft ' 1 - l)A+/„ - Ai(h n )f n dv p + Q n , m (ft,p„) 



ij'eA„ 

Pn) - Qn(fr /M 
Pn) - Qn(h PnJ- 

Thus, by taking the limit as m tends to infinity, we obtain ()4.27|) with 

e n := lim sup(\R n>m (h, p.)| + \Q n {h n , p. n )|) 0. 
m ^°° h,n 

Now, for any h G £ p , since oo > J exp(h n )u^du ' p > 0, we can define 

dK = z hn < 
dv p J e hn u* n du p 

Thus, by duality f n (h n ,/j,* n ) = r*(u*,/j,* n ) = -X n (p). and, 

sup lL(/i,p) > r^(/i,/^*) > L^/i^p*) -e n = -X n {p) - e n 
neMp 

Thus, by taking the limit n to infinity, and using Lemma fl . H we obtain 
sup r oo (e /l ,/i) > -A(p) inf sup 1^, > -A(p). 

AtG-Mp ¥'GX'+ /jSA4 p 



(4.30) 



(4.31) 



(4.32) 



(4.33) 



Now, since by Proposition 14.41 the minimax Theorem holds for the proof concludes. 
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5 Uniqueness: Proofs of Theorems 11.41 and II. 2L 

The proofs of Theorem 11.41 and Theorem 11.21 will follow from three observations, which we 
have written as separate lemmas. First, any limit point of {u n } solves (|1.4( i)) and belongs 
to this is shown in Lemmas 13.71 and 15.11 Second, solutions of (|1.4( i)) in T>+ satisfy 
r^o(u, //) + A(p) = for any p G M. p : this is shown in Lemma 15.21 Third, by convexity of 
h i — ► roo(exp(/i), p) shown in Proposition 14. 3^ there is a unique solution of Poo (it, p) + \(p) = 
for any p G Ai p : this is shown in Lemma [5.31 

Lemma 5.1 If u G T> p , judv p = 1, and u satisfies \1.J^( %)), then u is positive v p -a.s. on A c . 

Proof. We denote by B := {r/ : u{rf) = 0}. Since u G V p , we have for i G" S and 77 z/ p -a.s., 

u(j]) > u(Alr)) and u(Afr]) > - u(rf). 

Thus, for i G" S, B = (Af)" 1 ^) v p -&.s. . For any cylinder 9 with base in N 5 \^4, we will 
consider Bq :— B IH If T l 'i denotes the exchange operator at site i, j G Z d , then 

Be" P = S (Atr\Be), V* G* 5 =► 6/"=" (T*)- 1 ^), Vz,j^5. 

Indeed, 

S/ P =- S |J ft fl fo(0 = MO") = *}, 

so that we can go from 

Be n {77® = MO') = to Bo fl {77(1) = /^(j) = k} = {T^)-\B e n {77(f) = MO) = 

by a finite succession of creation and annihilation of particles. Now, by Hewitt-Savage 0-1 
law on the lattice Z d \S, we conclude that v p {Bq) G {0, 1}. Assume that for some cylinder 9, 
v p (Bq) = 1. Since u satisfies (jl.4f i)) and lg G L 6 , we have 



/ u£*(l„)d^ = ^ p*(i,j) / ^(77)^(77)1^(^77)^ = 0. 



(5.1) 



Now, 



7V(0) if > °» and ^ if = when 
rri] -y ( n ]= i A+(0) when i^S,j<£S , . 

" ' ~ * Aj(0) if 0(j) > 0, and if 6(j) = when i<£S, j eS K ' 

9 when i,j ^ S 

Since the moves on the right hand side generates all cylinders with base in N 5 \^4, we obtain 

V0 G N S \A, fudvp = 0, (5.3) 
Je 

which is absurd since J udv p = 1. Thus, v p {JS) = and the proof is concluded. I 
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Lemma 5.2 If u G V p satisfies then /i) = — A(p), /or any /i G .M p . 

Proof. Let w satisfies (|1.4t i)). By Lemma I5~T1 u G For any (p n G L fe with <p n T n - 

measurable, we write ()1.4f i)) as 



C*((f n )udu p + X(p) J (p n udis p = 0. (5.4) 
We make the standard integration by parts and use cancellations as in ()4.8j) to obtain 
/ C*{ip n )udv p = ^2^ p p*{i,j) / Al(p n Afudv p - ^ ^JYpP*(iJ) / Vt(p n Afudu p 

;H A ^- A J 



where 



(5.5) 



#n(<Pn) = - ^ 7*Pn(M) / V+<PnV+MaV p + ^ E ^pPntiJ) / V+^ n V+MaV p . (5.6) 

Now, for any /i G .M p with density /, it is easy to note that for a fix large integer M, 

:= E v [— A M|.F n ] G L b , 

and if we set <p = f/u and <p( M ) = (f /u) A M, then both <p( M ) and <p are in L p (u p ) for any 
integer p, and are such that for i large enough |V^~(V0I < 2-0(ej + e*). Indeed, for z G" 5 

u>A+u>u(l-eO, and />A+/>/(l-e,-e*). (5.7) 

Thus, if i is such that 1 — 6j — e* > 0, 

-(1 - « - < - 1) < V+A < ^ - 1). (5.8) 

U M M 1 — 6j 

Thus, for i large enough |Vj + (<p) < 2<p(e; + e*). Also, since / G L p (v p ) and l^c/tt G L p (u p ) 
for any integer p by Lemma [7.21 we obtain that (f G L p (v p ) for any p. The same is true for 
ip( M > after a simple algebra. 

By a reasoning by now standard, since satisfies a bound like (|5.8|) 
\Rn(^)\< Cl £ (^ + «) 2 ) f^dup< Cl \M Up \\u\k £ e2 + «) 2 ™°- (5-9) 

Recall that for i G A n , A+<pn M) = ^[At^l^J. Now, since ^ G L 2 (z/ p ), and 
{y?n M \ n G N} is a positive martingale, we have that } converges to in L 2 (u p ) 

and a.s. . Thus, for any ^ G L 2 (z/ p ), and i, j G A n 

lim / (p^^diSp = / <^ (M V^p, and lim / V+<pi M) V+^aV p = / V+^ (M) V+^oV p . 

n-^oo / / n— >oo J J 

(5.10) 
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Thus, combining (|5.5|) . ()5.9|) and (j5.10j) we obtain (the series being absolutely convergent) 

r P P*ihj) I Ai(t A M)Vtudv p + \(p) f{i-AM)vdu p = 0. (5.11) 
i,i& d J u J u 

An identical expression to (j5.11|) is also valid for j ju as we take the limit M to infinity. 

We will now show that T^u, p) has the same expression as the first term of (J5.11j) . Now, 
by taking the limit n to infinity in expression (J4.5j) . we obtain 

lim ! L n {u)Uv p = V lp p*{i,j) I Ajl-V+udVp. (5.12) 

n.-»oo J U ' J U 



Indeed, ()4.5|) only requires that / ju G L p (u p ) and that for i large enough |V^~(^)| < 2^(ej + 
e*). Finally, since T^u, p) = lim^oo r n (n, p), (j5.11j) concludes the proof. I 

Lemma 5.3 Ifu,u G D+ ; and /or any p G Al p ^(n, p) = ^(n, /i) = — A(p), and J ndz/ p = 
J udv p , then u = u v p -a.s. . 

Proof. We can define 

h : = log(n), and h := log(w), with h,h G £ p . 

Now, for 7 G]0, 1[, we form /i 7 = 7/1 + (1 — j)h, and by convexity of r n , for any p G M. p , 

< a n (/i) := "/T n (h, /i) + (1 - 7)f„(/i, /i) - T n (h 7 , p) — ^ -A(p) - lL(/i 7 , p), (5.13) 

where we used Lemma 15.21 Now, Lemma 15.21 is also valid for any u* limit point of n*, the 
principal eigenfunction of £*. Note that since u, it G then u, u G L 2 {y p ). By Jensen, this 
implies that exp(/i 7 ) G L 2 (u p ) and J exp(/i 7 )n*dz/ p < 00. Finally, Lemma 15.11 would imply 
that n*Uc > z/p-a.s. , so that f u* exp(/i 7 )aV p > 0, and we can define 

oV := G AV (5.14) 

Now, by duality, and Lemma I5~2l applied to C* . 

= r n *(n*,/i*) ™ -A(p) = r^p*). (5.15) 
Thus, a n (p*) vanishes as n tends to 00. However, for any i, j G Z, d and n large enough 



^ j_ n _ 0/ ^ V ^ _ e (7V^+(l- 7 )V^)_ 



a n (p*) > y giAijdif, with < Aij := 7 e v ^ + (1 - 7)^ 

(5.16) 

Now a n (/i*) — > 00, e h ~<u* > z/ p -a.s. on A c , and (|5.16|) imply that p(i, j)giAi^ = z/ p -a.s. on 
A c . This in turn, implies that for r](i)p(i,j) > 0, ^ p -a.s., we have V*/i = V'-/i in ^4 C . Let us 
denote / := u/u on A c . Since, p(., .) is irreducible, we obtain 

Vz,j withn(z)p(i,j)>0 f(T; V ) = f( V ), z/ p -a.s. . (5.17) 
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This in turn, implies that for i,j G" S f(T l ^r]) = f{rj) z/ p -a.s. , so that by Hewitt-Savage 0-1 
law for exchangeable events, we conclude that / is z/ p -a.s. constant on each cylinder 9 with 
base in N \A, say cq := f\g. 

We now show that the constants {eg} are the same. Assume 9, 9' G N 5 \^4 with T*9 = 9'. 
If we denote X e := / _1 ({ce}), then 

9cX e , 9 1 = Ti9a(Ti)-\X e ), and by dSZEZH m)-\X e ) Up = X e . (5.18) 

This yields cq = cg>. Assume now that for j G S with 

y~]p(i,j) > 0, we have 9' = A+9. 

Take i G" S with p(i,j) > 0, and note that 

& = A+6 c {Tir\X e ) Vp = X e [by (JHZJ] (5.19) 

Thus, cq = cg> in this case also. Now, we have assumed that N 5 \^4 was a connected set 
containing O5. Thus, by a succession of moves T- and applied to O5, we cover all of 
N 5 \^4, and conclude that / is constant z/ p -a.s. . I 



6 Hitting time: Proof of Theorem II. 5L 

Let u (resp. u*) be the principal Dirichlet eigenfunction of C (resp. £*) in V p (resp. V*). 
By Lemma 15.11 u and u* are z/ p -a.s. positive on A c . Thus, we define a Markov semi-group 
on A c , 

V v eA c , %)(i,):=^. (6.1) 
This semi-group is stationary with respect to 

uu*dv D 

= j™^- < 6 - 2 > 

Note that since ljc/u G L 2 (fi p ) by Lemma 17.41 we have by definition, for all 77 G *4. c , 

Sn—)(v) = c t ^l with Q = e^)%(r>t), and u t := ^f^j- (6.3) 

From p.l3jl . q G [c, 1], whereas tt< G T> p from inequality (4.7) of [2j. It is then easy to check 
directly that, for any t > 

wS?(— ) G £> if Vt := - / ^(— then it^t e £> . (6.4) 
w t J u 

Now, by Jensen's inequality, {5*",t > 0} is a contraction semi-group on L 2 (A c ,fi p ). Thus, 
by von Neumann's mean ergodic theorem in Hilbert space (see e.g. Th.1.2 page 24), we 
obtain 

ip t ^! in L 2 (/t p ), and for any £ > = ^, /x p — a.s.. (6.5) 
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If {ip t } converge to ip m L 2 (£ip), then {iptu} converge weakly towards ipu. Indeed, for any ip 
bounded and continuous 

cpu{ip t - ip)dv p \ < (Juu*dvA H^riyi^ -V>IU, 

< \v\oo(juu*dvpj^dPp\ H^-^IIap- ( 6 - 6 ) 

Since J ifj t udv p = ^c s ds/t < 1, the Remark 12.61 yields that uif) E V p . Finally, since fi p and 
v p are equivalent in A c , (|fi.5j) implies that for any t > 0, 

S t {ifm) = e- x{p)t i)u on A c v p - a.s.. (6.7) 

Thus, by differentiating (j6.7)l at t = 0, we obtain that if>u is a Dirichlet principal eigenfunction 
in X>+, with c < juipdv p < 1. By Theorem 11.41 this means that ip is constant. To find the 
value of ip, integrate ()6.5|) against l_^c 

f f 1 f f 1 [I 1 

if} = / ipdfip = lim - S^(—)ds dfi p = / —d\x p = -j, — . (6.8) 

J J t Jo u J u Juu*diSp 

Finally, since 1/u* E L 2 (fip), we integrate ()6.5|) against 1/u* to conclude the proof with 

1 f t e^P v Ar>s) [1 ^ [1 1 q\ 

ds = / I^^p — > / TT^p = /r....^.. N 2 - ( 6 - 9 ) 



t 7 fuu*dvp J u* p J u* p (Juu*du p ^ 2 



7 Appendix 

We have often used Lemma \7. 21 below to obtain regularity of probability densities satisfying 
a gradient bound (jl.fi j) jSHUEHSj- For ease of reading, we recall its simple proof. Then, in 
Lemma f7.4j we show how similar arguments yield the regularity of l^/v 9 f° r V 9 £ 

For ease of writing, we identify a cylinder with its base. Thus, when we write 6 E N 5 , we 
mean 9 := {rj E N z : rj(i) = 6(i), \/i E S}. Recalling the notations used in the definition of 
Vp (see (j2.3j) ). let v e be the product measure 

dve(v) = n^(p)(^) Yl de (i-^h(j>)(Vi) ■ 

We showed in [2] that when d > 3, v e is abolutely continuous with respect to v p , and that if 
ij} e := dv e /dv p , then for any integer p 

J ip^dvp < oo, and J ^pdv p < oo. (7.1) 
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Remark 7.1 The purpose of introducing if) e was that for any % <S, A/"^ e = (1 — e^^e- 
Thus, if G ^*p, then <^/V<= is increasing outside 5. Indeed, using ()2.11|) (ii). 

vi^s, a+(^m)>^M- 

Lemma 7.2 We assume that d > 3. For an?/ integer n, any 9 G N 5 \*4, and <p £T> P 



^-f^f) (7 ' 2) 



r -"^, < ("'„ ( /^///„ ) with C n := Jf n td " P +1 < oo. (7.3) 



Proof. We define the measure d/i = y?aV p , and for 6 1 G N \,4, we define two probability 
measures dfig = lgdfi/fi(9) and dug = lgdu € /u e (9). Note that on 9, the probability measure 
u e satisfies Holley's condition (see Theorem 2.9, p. 75 in [TO]) which implies that it satisfies 
FKG's inequality. 

Step 1. We first show that for any <fr decreasing on 9, 



(pd^Lg < J <pdu e . (7.4) 
By the Remark 17. 1[ dfig/dvg is increasing in 9. We apply FKG's inequality on 9 

/d f 

<p-j-j-dUg < J (pdug. (7.5) 

Step 2. First, note that <p and = du e /du p are non-negative decreasing on 9. So is (p l ip{ 
for any integers We apply (|7.4|) to (f> := y? 4 ?/^ and obtain 

= I ~ I ^ {dve = J/^^ff)' (7 ' 6) 

By induction, we obtain (|7.2jl for any integer n. Now, ()7.3|) obtains after taking 9 = 0$ and 
using FKG's inequality once more. Indeed, since <p and 1q s are both decreasing 

V dv p < . (7.7) 
v P \us) 



Remark 7.3 Actually if \i G Ai p , then its density / := d^/du p satisfies an inequality like 
()7.3|) but with U := {i : (e* + e*) > 1} replacing 5 which was the domain where = 1. Since 
U is bounded, ^ e (C/) > 0. 
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Lemma 7.4 We assume that d > 3. Let ip G T>+ and 9 G N 5 \*4.. Then, for any integer n 

I < [ ^dv p I ±-dv p . (7.8) 

Jo V Je Je V e 



Furthermore, for 



CU n := SUp {v p (9) ( / (f-^rr ) } < OO, 



sup {u p (9) (hp 
eens\A \Je v p [V) 

-dv p < c^ n U n t dv p / — dv p . (7.9) 

Proof. Recall that <p/ip € is increasing on A c whereas for any integer n, ip> n is decreasing. 
Thus, for any cylinder 9 G N 5 \.4., if we denote dv p = ledup/iy p (9), then, by FKG's inequality 

IXtS &~>* IXtS *> I.^* {7M) 



Also, since ijj 1 } is decreasing 



dv p \ Wdv p > / - W = / yW, (7.11) 



Multiplying (f7~TT1|) by J e ^du p , using 1)7.11)1 . and simplifying by L((p/%l) t ) n di>p > 0, (since 
ip > z/p-a.s.) we obtain 1)7.8)1 . Note that < oo since there is a finite number of elements 
in N 5 \y4., on each of which f d ipdu p > 0. 

Finally, (J7.9)) is obtained by summing over all 9 G N \*4, and applying Holder's inequality 
to J(p n diSp. I 
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